Abstract. In this article we study the complex oscillation of differential polynomials generated by meromorphic solutions of the non-homogeneous linear differential equation
Introduction and preliminaries
In this paper, we assume that the reader knows the standard notations and the fundamental results of the Nevanlinna's value distribution theory of meromorphic functions (see [10] , [15] , [22] ). Throughout this paper, we assume that a meromorphic function is meromorphic in the whole complex plane C. Let us define inductively for r∈R, exp 1 r:=e r and exp p+1 r := exp exp p r , p ∈ N.
We also define for all r sufficiently large log 1 r := logr and log p+1 r := log log p r , p ∈ N.
Moreover, we denote by exp 0 r := r, log 0 r := r, log −1 r := exp 1 r and exp −1 r := log 1 r. In [12] , [13] , Juneja-Kapoor-Bajpai investigated some properties of growth of entire functions of [p,q]-order. In [21] , in order to keep accordance with the general definitions of entire function f (z) of iterated p−order [14] , [15] , Liu-Tu-Shi gave a minor modification to the original definition of [p,q]−order given in [12] , [13] . With this new concept of [p,q]−order, the [p,q]−order of solutions of complex linear differential equations was investigated (see e.g. [2] [3] [4] , [6] , [11] , [20] , [21] , [23] ).
Now we introduce the definitions of the [p,q]−order as follows. 
where M(r, f ) = max |z|=r | f (z)|. 
Main results
Consider the complex differential equation
and the differential polynomial
where
Recently, many authors have investigated the complex oscillation properties of solutions and differential polynomials generated by solutions of differential equations in the unit disc and in the complex plane C, see [1] - [9] , [11] , [16] - [21] , [23] . Recently, the first author investigated the growth and oscillation of the differential polynomial (2.2) generated by meromorphic solutions of equation (2.1). Before we state those results and the results of this paper, we need to define the following sequences of functions α i,j ,β j (i = 0,··· ,k−1; j = 0,··· ,k−1) by
3)
We define also h k by 
Theorem 2.2. ([6]) Under the hypotheses of Theorem
2.1 , let ϕ(z) ≡0 be a meromorphic function of finite [p,q]−order such that ψ(z) is not a solution of (2.1). If f (z) is an infinite [p,q]−order meromorphic solution of (2.1) with ρ [p+1,q] ( f ) = ρ, then the differential polynomial (2.2) satisfies λ [p,q] (g k − ϕ) = λ [p,q] (g k − ϕ) = ρ [p,q] ( f ) = ∞, λ [p+1,q] (g k − ϕ) = λ [p+1,q] (g k − ϕ) = ρ [p+1,q] ( f ) = ρ.
Furthermore, if f is a finite [p,q]−order meromorphic solution of (2.1) such that
Theorems 2.1 and 2.2 investigated the growth and oscillation of higher order differential polynomial (2.2) generated by meromorphic solutions of homogeneous linear differential equation (2.1). A natural question is now that when the equation is nonhomogeneous linear differential, can the similar results hold? We give an affirmative answer by studying the controllability of solutions of the non-homogeneous linear differential equation
where 
Theorem 2.4. Under the hypotheses of Theorem
2.3, let ϕ(z) ≡ 0 be a meromorphic function of finite [p,q]−order such that ψ k (z) is not a solution of (2.6). If f (z) is an infinite [p,q]−order meromorphic solution of (2.6) with ρ [p+1,q] ( f ) = ρ, then the differential polynomial (2.2) satisfies λ [p,q] (g k − ϕ) = λ [p,q] (g k − ϕ) = ρ [p,q] ( f ) = ∞, λ [p+1,q] (g k − ϕ) = λ [p+1,q] (g k − ϕ) = ρ [p+1,q] ( f ) = ρ. Furthermore, if f is a finite [p,q]−order meromorphic solution of (2.6) such that ρ [p,q] ( f ) > max ρ [p,q] (A i ) (i = 0,1,··· ,k−1),ρ [ p,q] (F) , ρ [p,q] (ϕ),ρ [p,q] d j (j = 0,1,··· ,k) , (2.8) then λ [p,q] (g k − ϕ) = λ [p,q] (g k − ϕ) = ρ [p,q] ( f ).
Corollary 2.1. Let p≥q≥1 be integers, and let
We consider now the differential equation
where A(z) and F(z) are meromorphic functions of finite [p,q]−order. In the following, we will give sufficient conditions on A and F which satisfied the results of Theorem 2.3 and Theorem 2.4 without the conditions " h k ≡ 0 " and " ψ k (z) is not a solution of (2.6) " where k = 2. 
Corollary 2.2. Let p ≥ q ≥ 1 be integers, and let A(z), F(z) ≡ 0 be meromorphic functions satisfying
ρ [p,q] (F) < µ [p,q] (A) ≤ ρ [p,q] (A) < ∞, 0 < τ [p,q] (A) < ∞. Suppose that A(z) = ∑ ∞ n=0 c λ n z λ n ismax ρ [p,q] d j (j = 0,1,2) < µ [p,q] (A) ≤ ρ [p,q] (A) < ∞. If f (z) is a transcendental meromorphic solution to (2.9) satisfying λ [p,q] (1/ f ) < µ [p,q] (A), then the differential polynomial g 2 = d 2 f ′′ +d 1 f ′ +d 0 f satisfies µ [p,q] (g 2 ) = ρ [p,q] (g 2 ) = µ [p,q] ( f ) = ρ [p,q] ( f ) = ∞, µ [p+1,q] (g 2 ) = µ [p+1,q] ( f ) = µ [p,q] (A) ≤ ρ [p+1,q] (g 2 ) = ρ [p+1,q] ( f ) = ρ [p,q] (A).
Corollary 2.3. Under the hypotheses of Corollary
Proof. 
Then, for any given ε > 0, we have for n > max{N 1 ,
and
Since ε > 0 is arbitrary, from (3.1) and (3.2), we easily obtain
By (3.5), (3.6) and the same method as above we obtain that 
Suppose that A d (z) = ∑ ∞ n=0 c λ n z λ n is also an entire function such that the sequence of exponents {λ n } satisfies the gap condition 
Lemma 3.9. Assume that f (z) is a solution of equation (2.6). Then the differential polynomial g k defined in (2.2) satisfies the system of equations
Proof. Suppose that f is a solution of (2.6). We can rewrite (2.6) as
which implies
We can rewrite (3.13) as
where α i,0 are defined in (2.4) and β 0 = d k F. Differentiating both sides of Eq. (3.14) and replacing f (k) with (3.12), we obtain
We can rewrite (3.15) as
Differentiating both sides of Eq. (3.16) and replacing f (k) with (3.12), we obtain
which implies that
By using the same method as above we can easily deduce that
where α i,j and β j are given by (3.11) . This completes the proof of Lemma 3.9.
Proof of the Theorems and the Corollaries
Proof of Theorem 2.3. Suppose that f (z) is an infinite [p,q]−order meromorphic solution of (2.6) with ρ [p+1,q] ( f ) = ρ. By Lemma 3.9, g k satisfies the system of equations
By Cramer's rule, and since h k ≡ 0, then we have If
2), Lemma 3.3 and Lemma 3.10, we get
By (2.2) and (4.6) we have ρ [p,q] 
, then by (4.5) and (4.7) we get
which is a contradiction. Hence 
we need to prove λ [p,q] 
By g k = w+ ϕ, and using (4.5), we get
Substituting (4.8) into (2.6), we obtain
where φ j (j = 0,··· ,2k−2) are meromorphic functions of finite [p,q]-order. Since ψ k (z) is not a solution of (2.6), it follows that H ≡ 0. Then, by Lemma 3.2, we obtain
, then by Lemma 3.3 and Theorem 2.3 we have ρ [p,q] 
Using the same reasoning as above, we get
where φ j (j=0,··· ,2k−2) are meromorphic functions with [p,q]−order satisfying ρ [p,q] 
Since ψ k (z) is not a solution of (2.6), it follows that H ≡ 0. Then by Lemma 3.1, we obtain 
hold for all meromorphic solutions f whose poles are of uniformly bounded multiplicities of (2.6) with at most one exceptional solution f 0 satisfying 
On the other hand, we have
It follows that
By (2.3) and (2.4), we obtain
and by (2.5) we get
First we suppose that d 2 ≡0. 
By h 2 ≡ 0 and (4.10), we obtain This completes the proof.
